Microwave undulators have two attractive features for free-electron lasers, when compared to static magnetic undulators: the beam aperture is larger than the period; the polarization state, circular or planar, and the undulator field intensity can be changed from pulse to pulse.
INTRODUCTION
High power microwave fields propagating in a waveguide can be used as undulators for free-electron lasers (FELs). This type of undulator -which we call TWU-has a short electron oscillation period and a large aperture for the beam propagation. Using the high power X-band sources, developed for the electron-positron linear collider, we can now build TWUs for short wavelength FELs, with a beam of lower energy and higher peak current compared to more conventional undulators.
Microwave undulators have been considered in a standing and single wave configuration [1] , [2] , [3] , [4] . Measurements of the spontaneous undulator radiation from a 143 or 220 MeV beam in an S-band undulator have been reported [1] . A discussion of the parameters of radio frequency undulator in various configurations has been made recently in [5] . Microwave wigglers operating at 30 GHz, as damping devices in damping rings for linear colliders, has been considered in [6] .
In this paper we discuss microwave undulators operating at 12 GHz. High power RF sources and pulse compression techniques, delivering about 450MW for a few hundreds of nanoseconds, have been developed near this frequency [7] . At this power level the undulator parameter is about 0.4, for a helical period of 1.45 cm and a transverse waveguide size of 1.8 cm. A conventional undulator would have a gap of about 6 mm for the same values of the period and undulator parameter. Even larger power levels can be reached using ring recirculators.
Some advantages of a TWU are: short undulator period; helical or planar electron trajectory; polarization control for each electron and radiation pulse; low level of background synchrotron radiation. However some problems must be addressed before a TWU FEL is built: reproducibility of the radio frequency power from pulse to pulse; variation in the wave amplitude and phase during the pulse; control of the change in electromagnetic field due to wall losses; tolerances in the geometry of the waveguide. Some of these effects are discussed here.
In the following sections we evaluate the field and the electron trajectory for a TWU consisting of a rectangular waveguide, with two modes, m=0, n=1 and m=1, n=0, shifted in the time phase by π/2. We then show that a water window FEL, 2 to 4 nm wavelength, can be built using 1 GeV linac and a TWU. At a beam energy of about 4 GeV the FEL would reach 0.15 nm. The effect of power losses in the metallic waveguide walls is discussed in the last section, showing that a small tapering of the waveguide transverse size avoids gain reduction.
FIELDS IN THE WAVEGUIDE
Consider a waveguide with a rectangular cross section of sides a, b. The field in the waveguide is a superposition of modes characterized by two numbers, m and n [8] . We consider two transverse electric modes, m=0, n=1 and m=1, n=0, with frequency ω rf , shifted in the time phase by π/2, and assume a=b. The reference frame has the zaxis along the waveguide axis and transverse coordinates ξ, ζ. The fields are given by:
where
The cutoff frequency is Ω 10 =Ω 01 =πc/a. The plus or minus sign in (7) describes waves co-propagating or counterpropagating respect to the electrons. We consider only the counter-propagating case.
The power flow in the waveguide, for one mode, is
The power in the waveguide decreases exponentially because of energy losses in the metallic walls. The exponential attenuation length is
where σ and δ are the metal conductivity and skin depth evaluated at the cutoff frequency, δ = 2a / π Z 0 σ .
FORCES AND TRAJECTORIES
The force due to the wave on an electron has two terms. One, F W , due to the transverse electric and magnetic fields, produces the main wiggling motion in the undulator. The second is a defocusing force arising from the longitudinal magnetic field and the wiggling velocity. The defocusing force is nonlinear, being proportional to the particle velocity and its displacement from axis. We consider only the force producing the wiggling motion, assuming that an additional quadrupole focusing system is used to compensate the defocusing force, and focus the beam.
For a for a particle near the waveguide axis the force is
The force decreases as one moves off the TWU axis, the opposite situation to that of a static magnetic undulator, where the field is minimum on axis.
Using (11), (12), and assuming that the electron energy is constant, the equations for the transverse motion are
The equation for the energy change is
If we assume that the energy is constant and
the solution for the transverse velocity is
Using (13), (7), the oscillation frequency, Δ, is
in accord with equation (18). The trajectory, given by
is a helix with period
where λ rf = 2π c / ω rf . The ratio λ U / λ rf is between 1 and 0.5, being 1 at the cutoff frequency, for a=πc/ω rf , and 0.5 for a very large and relativistic electrons.
TWU CHARACTERISTICS
The dependence of the undulator period and the undulator parameter on the waveguide size is shown in Figure 1 . The RF field frequency is f rf = 12GHz , and the power per mode 200MW. Reducing the waveguide size toward the cutoff value a = πc / ω rf , the undulator parameter increases, but at the same time the period becomes larger and the attenuation length shorter. In what follows we assume a=1.8 cm. The main characteristics for the TWU are given in Table 1 . We can compare the TWU characteristics given in Table 1 with those of a hybrid type static magnetic planar undulator with the same period. For the same undulator parameter value the undulator gap would be approximately 6.4 mm. 
TWU BASED FELS
For short wavelength-high gain FELs, the TWU offers the advantage of a short period and a large aperture. These features, and the reduced undulator parameter values, allow an FEL to reach shorter wavelengths for a given beam energy, with a reduced FEL saturation power. The large transverse size reduces the effect of the beaminduced wakefields, and may allow larger electron beam peak currents.
Proceedings of the 27th International Free Electron Laser Conference
The most important FEL parameter is the gain length. Its value increases when the betatron oscillations change the phase of the electrons respect to the electromagnetic wave. However, increasing the beta function to reduce this effect reduces the electron beam density and thus increases the gain length. How these two effects play is shown here for two cases. Case A is an FEL operating in the water window, from 2 to 4 nm. 2 kA peak current, 1 mm mrad normalized transverse emittance, and 6x10 -5 relative energy spread. Case B is an FEL operating near 0.1 nm, peak current 3.5kA, other parameters as in case A. The results shown in Figure 2 to Figure 4 have been calculated using the Xie FEL model [9] . The results of a Genesis [10] Figure 2 shows the gain length as a function of the betatron focusing for two beam energies, corresponding to 2 and 4 nm. Figure 3shows the gain length, saturation power and wavelength as a function of energy and for a choice of the betatron focusing β B =5m, near the minimum shown in Figure 2 .
The gain length at 2 nm is about 1.5m. In case B, the shorter wavelength FEL, the results are shown in Figure  4 , for an optimized betatron focusing of about 50m. A wavelength of about 0.15 nm is reached at 3.8 GeV, with a corresponding gain length of about 5 m.
In all cases considered the saturation power is smaller than for an FEL with a static planar hybrid undulator, a larger undulator parameter and beam energy. 
EFFECTS OF POWER LOSSES IN THE WAVEGUIDE WALLS
Power losses in the waveguide walls reduce the undulator parameter value and hence the radiation wavelength, changing both the spectrum and the gain. If the change is large compared with the gain width the FEL performance will be reduced. The power decreases along the waveguide as
where β att is given by (10) . The power loss decreases the radiation wavelength, and the effect can be too large for an FEL. Power losses are estimated for a copper waveguide, with conductivity σ=6×10 7 Ω -1 m -1 at room temperature. The effect is compensated changing the waveguide size along the undulator length. The wall resistivity can be reduced cooling the wall to 77 °K, liquid nitrogen temperature. Recent measurements at lower temperature at a frequency of 11.4 GHz, for a copper waveguide, show that the conductivity increases by about a factor of 3 near 77 °K, with almost no additional gain by further reducing the temperature [11] . Here we consider only the room temperature case.
The waveguide transverse size tapering is assumed as a = a 0 exp(−αβ att z)
The parameter α controls the amount of change. Betatron focusing, β B = 50m .
The effect of tapering is shown in Figure 5 and Figure  6 , for α=0, 0.17, 0.28, and a 10m undulator. The wavelength variation changes sign, increasing instead of decreasing, when going from α=0.17 to α=0.28. In the last case the variation is reduced by one order of magnitude, showing that tapering is an effective way to control the wavelength change. 
CONCLUSIONS
The TWU gives the advantage of short period and large aperture for short wavelength FELs. A TWU-FEL requires lower energy beam for a given wavelength, when compared to more conventional undulators. The electron trajectory can be changed from circular to planar, giving an easy way to change the polarization of the emitted wave. Changes in polarization and field amplitude, hence in wavelength, can be done from pulse to pulse.
